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Preface

There is no understanding without visualization
(Duval, this volume, p. 322)

Duval’s statement, standing alone as I have quoted it, may seem extreme. But this
statement is part of a cogent argument, starting on p. 320 of this volume, for the
distinction between vision or perception and visualization in mathematical cognition
and learning, and for the power of coordination of different registers of
representation in these activities. Duval’s previous sentence sheds light: “In a string
of discrete units (words, symbols, propositions) not any organization can be
displayed. Thus, inasmuch as text or reasoning, understanding involves grasping
their whole structure, there is no understanding without visualization” (pp. 321-
322).

This volume is an uneven collection of papers, as individual as their individual
authors, but reflecting a collective apprehension, well expressed in Duval’s chapter,
that various forms of representation are an integral part of the doing of mathematics
and thus also of its teaching and learning. For this reason, representation and
mathematical visualization need to be taken seriously in mathematics education,
and we still have much to learn about how these forms of metonymy operate in the
individual cognition and affect of learners. How do different forms of representation
and their articulation facilitate or impede the grasping of that whole structure that
is so important in Duval’s chapter? How can teachers facilitate the moving between
different forms of representation, the coordination of registers, that frees learners
from some of the limitations of individual forms of representation? How can
technology serve this purpose, or at least contribute to it? Many of these questions,
or some aspects of them, are addressed in individual chapters. The result is a
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collection of papers that, taken together, are powerful in focusing attention on key
aspects of the roles of representation and visualization in mathematical cognition.
Pedagogical and didactical issues have received less attention than cognitive ones
in the volume as a whole, and the affective issues have hardly been addressed at
all. However, there are chapters that provide strong theoretical analyses of various
aspects of representation, using different theoretical frameworks, and the abstract
nature of some of these chapters is offset by others that give enticing and fascinating
examples of forms of representation from actual mathematical problems in various
content areas. Thus the book as a whole makes a valuable contribution to
understanding of the roles of representation and visualization in mathematics,
representing some powerful thinking and discussion in the Working Group in which
most of these papers were presented in a four-year period.

The structure of the book is such that chapters with similar themes or foci are
grouped together in three different parts, preceded by an introduction and one
chapter  by the organizer of the Working Group, Fernando Hitt, who has set the
scene with a series of questions that are addressed in the volume, and with an
excellent identification of important foci in this field. The four chapters in Part I of
the book are replete with mathematical problems to whet the appetite of the reader
for what is to come. I enjoyed doing the problems presented by Alfinio Flores in
his chapter on the use of geometric representations in the transition from arithmetic
to algebra. Although he does not provide full research justification for his claims
(pp. 12-14), his advocacy for the use of geometrical representations in algebraic
and numerical problems is reinforced by the power of his examples. These are
illustrations of how useful geometric representations can be. They depend on the
principle that one concrete case may be represented in an illustration in such a way
that this case may metonymically stand for all such cases. Generality is implied in
the particularity of the drawings. As he states, “In the examples shared here,
geometric representations of particular numbers were used to make general
statements tangible” (p. 26). A word of pedagogical caution is in order. In the first
place, not all learners may comprehend this principle of the general in the particular.
Secondly, even for those who do comprehend, this principle may be extrapolated
by learners to confirm what many erroneously do in any case – try to prove a
general principle by particular examples! This does not mean that there is no value
in introducing these “proofs without words”, but merely that mathematics educators
need to be aware of both the strengths and the possible pitfalls, and to help learners
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to understand these too. It has been my experience that the visualizers amongst
mathematics learners find these illustrations particularly valuable – in fact
invaluable. And for understanding of Duval’s whole structure, all students may
benefit. The remaining chapters in Part I are based on research studies that
corroborate some aspects of Flores’ advocacy of visual representations, and point
to some of the intricacies. The three chapters combined describe research that
spans the learning continuum, from elementary and secondary school (Stylianou
& Pitta-Pantazi) to college-level learners, in rate-of-change problems (Presmeg &
Balderas) and in covariation problems (Carlson).

Part II of the book groups together six papers that address in various ways the
use of technology in mathematical representation. Kaput gives an interesting
historical account of the shift from knowledge produced in inert, static ways, through
“deep changes in the nature of the representational infrastructure” (p. 87), to
dynamic, interactive computer systems that make new forms of knowledge possible.
His excitement at the potential of the new forms is palpable. This is a visionary
chapter, looking into the future, into what he calls “opportunity spaces” (p. 104)
and outlining a new world, with need and opportunities for new research agendas
in mathematics education. His chapter sets the scene for the other authors in this
technology section of the book. Manuel Santos-Trigo in each of his chapters
describes technology-based research studies and in the process gives the reader
some interesting mathematical tasks to contemplate and work on. In both chapters,
I enjoyed verifying the mathematical results without the use of the technology.
There is some thrilling creative thinking in these chapters, for instance in the section
(III), Find and explore different conjectures (p. 166 ff.). Both chapters may serve
to convince the reader that computers and calculators are powerful tools in the
teaching and learning of mathematics – not only in geometry, although that is striking
here. More than that, they illustrate the role of the instructor in valuing students’
ideas, as “starting point to construct robust solutions or explanations” (p. 124).

Ana Isabel Sacristán Rock describes some solid research on students’
understandings of infinite processes in a computer microworld. She combines
empirical and theoretical aspects to build a model of the processes involved, thus
building on the theoretical ideas of others and making her own original contribution
based on her empirical study. I had just one question. On the first page of her
chapter, she wrote that “… some representations are of visual form (e.g. the graph
of a function); others are purely symbolic or algebraic, lacking a graphical aspect.”
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Do representations form the strict visual-nonvisual dichotomy suggested here? I
maintain that a visual-symbolic dichotomy such as that used in this chapter overlooks
the visual aspects present in much algebraic symbolism. However, this small point
does not detract from the value of the research reported. In the following chapter,
too, Kay McClain describes a research study that is well grounded in theory. With
her usual thoroughness, McClain gives the details of a teaching experiment and a
teacher development experiment investigating the understanding of statistical data
analysis. Arcavi and Hadas in their chapter are concerned with situations that
surprise learners, and they illustrate one such situation dramatically in a computer
environment. The power of the software is well illustrated here: it would have
been difficult to create the surprising situation as effectively without the technology.
A further strength of this chapter is the reflection of the authors on pedagogy that
has the potential to create surprises and capitalize on these for the learning of
mathematics. These six chapters taken together reinforce each other and create a
persuasive picture of theoretical and practical benefits of the use of technology in
mathematics education.

Part III is the meaty theoretical heart of the book. However, I was glad of the
empirical and illustrative examples given in the first two parts, because without
these some parts of the book might have appeared too abstractly theoretical. Many
of the authors in the third section presuppose a reader’s familiarity with some of
the literature in this field of representation in mathematical cognition. I can imagine
a fruitful dialogue between these authors – all of whom I am sure can provide their
own examples, whether or not they have done so in these chapters – and the authors
of the preceding chapters. The nine chapters in this section present various
theoretical views of representation and visualization and associated issues. There
is no unified voice, but it is the very diversity of theoretical lenses that may be the
value of this section of the book.

Patrick Thompson, with his usual thoughtful attention to complexity, has a
useful section on intersubjectivity, which he defines as “the state where each
participant in a socially-ongoing interaction feels assured that others involved in
the interaction think pretty much as does he or she” (p. 201). The importance of
intersubjectivity in mathematical representation is argued in two significant points.
Firstly, representations serve both an individual and a social function.
“Representations, as personal constructs, are creative ways to remind ourselves
systematically of ideas we had, connections we made, and operations we applied
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previously in the presence of operating now. Representations as social conventions
are expressions of intersubjectivity (as I’ve defined it)” (p. 201). Secondly, following
from the logic of the first point, it can be misleading to try to determine individuals’
meanings through large-scale social interactions. These important clarifications
are illustrated in an example drawn from his research. Such issues were hotly
contested and debated through the 1990s, and the pendulum seems to have swung
sufficiently for the need to be acknowledged for studies both of social processes in
mathematics classrooms, and the meanings and mathematical cognition of
individuals. There are clear implications that both kinds of studies are needed in
research on mathematical representations.

With his intimate knowledge of the theoretical writings of Russian
psychologists, Mourat Tchoshanov explains Vygotskian semiotic conceptions, and
puts forward a post-Vygotskian model of representation. In the former, I wished
that the notion of “sign” had been defined and problematized. I had difficulty
understanding the significance of distinguishing between a sign and a name. Is a
name not a sign? It seemed to me that a name should fall into this class of signifiers,
as I understood the word “sign” to be used here (pp. 208-209). Going beyond the
exclusive use of the zone of proximal development (ZPD), Tchoshanov describes a
nested model of representation in which the ZPD is a middle category between the
level of actual development (LAD), and the zone of advanced/perspective
development (ZAD). While the ZPD involves inter-psychological development and
leads to internalization, the ZAD is the zone of in-depth learning that is inter-
psychological, resulting in generalization and externalization. The ZPD is a “guided
zone” that leads to understanding; the ZAD with its externalization is both guided
and private, and leads to creativity. This model resonates well with the need for
both social and individual processes to be taken into account in research on
mathematical representation, as expressed in Thompson’s chapter. It seems to me
that this theoretical framework has the potential to be a fruitful one in mathematics
education research.

In his scholarly and deep chapter on the object of representations, Luis Radford
explores the vital question “What is it which representations represent?” Kant,
Plato and Aristotle, Piaget, Durkheim and Lévi-Strauss, and Wartofsky, are all
invoked in this endeavor. “What is it which makes human cognition distinctive?”
is answered by Wartofsky as “the ability to make representations” (p. 233). In this
chapter the reader will find ontology and epistemology, politics and aesthetics, in
a profound consideration of what it means to represent a mathematical idea.
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The following four chapters, by Hitt, Presmeg, Saenz-Ludlow, and Maury
respectively, are also theoretical formulations, but Hitt and Presmeg do give
empirical examples to illustrate their approaches. In Hitt’s framework, which
resonates with that of Duval, I appreciated the insight that ownership of
representations is important as students learn mathematics: “It was very important
for Soath to produce her own semiotic representation to work and solve the given
task” (p. 252). By articulating two registers, graphic and analytic, as she solved a
problem involving numbers of taxis and motorcycles (often presented with two-
legged and four-legged animals), Soath was in fact illustrating Duval’s principle
that articulation of two register is needed in order to construct a mathematical
concept. Following Hitt’s chapter, I articulated the need for, and presented, a triadic
nested model that has been useful in empirical research on ways of facilitating use
of outside-school activities in the teaching and learning of classroom mathematics.

I felt the need of examples and illustrations in Saenz-Ludlow’s chapter, which
nevertheless introduces some important theoretical ideas based largely on the
writings of Peirce. Even with its social origins and contexts, human thought is
individual (Thompson’s chapter) and often specific to the individual. This specificity
and individuality then seems to require that these characteristics be built into a
model that purports to explain human cognition. Thus this description of processes
in Peirce’s formulation seems to need more specificity to bring it to life, and to
illustrate its applicability in mathematics education. Saenz-Ludlow has done
empirical work that has important implications for mathematics education, but
neither her empirical research not its didactical consequences are treated in this
chapter.

Maury bases her empirical and theoretical chapter on the works of Bertin, a
specialist in graphic semiology. (I wondered if there is a substantial difference
between semiology and semiotics, or if this is just a question of the terminology
used. This issue is not addressed in this chapter.) Maury’s interesting chapter stops
very abruptly. However, the ideas lead very aptly into the amazingly dense and
authoritative chapter by Duval. Even the abstract summarizing Duval’s chapter is
quite startling! I cannot do justice to Duval’s work here: in fact I cannot even
introduce it adequately. Duval’s writing is full of quotable ideas. I shall content
myself by giving just one such quotation, from the abstract, to give the reader the
flavor of the introduction. After writing about “deceitful” studies, Duval adds, “In
fact they use models for visualization, representation or, even the use of signs
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which aren’t relevant, because these basic cognitive processes work quite differently
in mathematics than in all the other fields of knowledge.” This theme is developed
throughout his chapter.

Finally, the collection of papers closes with a major paper by Michael Otte,
which is introspective in the sense that he works through his original ideas about
proofs involving the collinearity of the orthocenter, centroid, and circumcenter of
a triangle (in the Euler line), generalizing the ideas and insights to prove several
other theorems. This mathematical journey leads him to “a logic of abduction and
generalization, which is firmly connected with our cognitive means and
representational systems” (p. 342). I enjoyed working through the mathematical
ideas with Otte – but these are only illustrative and are not the major goal of the
chapter. This goal is finally stated (p. 356):

To indicate the indispensable role of this complementarity of function or
transformation on the one hand and of relation or objectively given law on the
other in the development of mathematical cognition is the most important
goal of this paper.

The pursuit of this goal results in a deep chapter, full of fascinating insights and
replete with quotable sentences, such as one on the penultimate page of text that
resonates with the insights of other authors in this book, “A mathematical concept
does not exist independently of the totality of its possible representations, but must
not be confused with any such representation, either” (p. 366).

This book may be the culmination of four years’ of writing, presentation, and
discussion of papers in the PME-NA Working Group on Representations and
Mathematics Visualization (1998-2002), but in a sense it is an invitation to continue
this work, informed by what has been accomplished. This accomplishment consists
not only in the empirical studies described, but even more importantly in articulating
the theoretical models that have been presented. As in Duval’s coordination of
registers, the need now is for the coordination of theoretical and empirical studies
of representation and visualization for the benefit of mathematics education at all
levels.

Norma Presmeg
Mathematics Department, Illinois State University
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Introduction

History of the Working Group: Representations and Mathematics
Visualization (1998-2002)
The Working Group on “Representations and Mathematics Visualization” was
formally constituted at the PME-NA XX conference in 1998 at the North Carolina
State University. Our academic agenda focused on the need to examine the role
that representations and mathematics visualization play in students' learning of
mathematics.

An initial literature review was important to identify fundamental issues that
were part of the working agenda. This functioned as a framework to prepare and
organize each meeting held during the past 5 years. In particular, a set of research
questions helped to focus the development of the sessions. In what follows, we
present briefly those questions that were at the heart of our work in the different
sessions.

Why do representations and mathematics visualization play an important role
in the learning of mathematics? What types of theoretical frameworks are
used to support that importance in students’ learning?

The themes Representations and Mathematics Visualization have appeared in
the recent literature as fundamental aspects related to the students’ construction of
mathematical concepts and problem solving processes. To identify relevant aspects
that involve representation and visualization it is important to recognize that there
are different lines of research in which both theoretical and empirical approaches
have been developed. The importance of discussing and contrasting present
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theoretical orientations is based on a well known fact that there are different
theoretical approaches to investigate the learning phenomena. As a consequence,
it may occur that the different perspectives are complementary but other times
these perspectives are irreconcilable. It could also happen that one theoretical
orientation offfers a better explanation of a phenomenon than other orientation.
Hence, it is important to ask: (i) To what extent should one adopt or follow a
theoretical orientation? (ii) Which orientation will help us better to explain a learning
phenomenon?

In this trend of thought, we have encouraged the working group participants
to discuss issues related to those questions.

What is the relevance in doing empirical research linked to representations
and mathematics visualization?

Mathematics instructors, at all levels, traditionally have focused their
instruction on the use of algebraic representations as a means to distinguish
mathematical objects from their representations. Indeed, they often do not take
into account geometric and intuitive representations. This is because they might
think that the algebraic system of representation is formal and the others lack this
property. Perhaps, some students' difficulties in the construction of concepts are
linked to the restriction of representations in their learning experiences.
Nevertheless, it is known by empirical research that the students’ construction of a
mathematical object is based on the use of several semiotic representations. The
students’ handling of different mathematics representations will permit ways of
constructing mental images of a mathematical concept. The richness (or lack of) of
their concept image will depend on the students’ handling of the representations
used. However, the tendency to remain in an arithmetic or algebraic system of
representation is well documented in related bibliography review. This tendency
might explain the “naïve” students’ behavior in problem solving activities.

There is a wide range of theories explaining how mathematical concepts are
learned and taught, but we know much of this knowledge is context bounded, and
there is little explanations on how this knowledge could be used in processes that
involve proofs or recognition of patterns in a given situation different from those
where knowledge was originaly constructed. One hypothesis is that there must
exist some internal mathematical structures (systems of schemata), partially
independent of the other structures that promote students' transfer of knowledge
when facing mathematical problems. In this context, it becomes important to discuss
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questions like: How can one recognize and encourage students’ construction of
mathematical abstraction and generalization and students’ recognition of common
mathematical structures across different contexts?

Why is it important to promote articulation among the different representations
of a concept?

Some researchers claim that understanding is related to the use of different
representations of a mathematical concept. That is, students construct a
mathematical concept through the use and manipulation of the different
representations of  that concept.

Can students’ learning difficulties be explained in terms of their abilities to
operate basic transformation within the same semiotic representational system or
their ability to examine the concept across various systems of representation? That
is to say, difficulties faced by the students could be explained as a lack of
coordination between representations? A plausible answer seems to be that not all
the difficulties could be explained in terms of a lack of articulation between
representations. There may be epistemological obstacles that are explained in other
ways, for example through the evolution of mathematical ideas.

Why do we need theoretical approaches on representations and mathematics
visualization?

Some authors think that it is important to understand the role of the semiotic
representation in the construction of mathematical objects. The need of theoretical
approaches is related to our understanding how students construct mathematical
concepts. Why cannot students solve nonroutine problems? Why is visual thinking
fundamental in problem solving?

a)    What is the role of  mathematical intuition in this context?

b)   To what extent has mathematics visualization to deal with certain abilities related
to the conversion of representations from one semiotic system to another?

c)     Is the comprehension of a mathematical concept related to the use of different
semiotic representations of the concept in question?

d)    Should conceptual knowledge be taken as an invariant of multiple semiotic
representations? Would some changes of semiotic representations of
mathematical objects contribute to the development of mathematical thinking,
communication and understanding?
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e)    Does cognitive knowledge, mediated semiotically, bring us a culturalized vision?

f)  What is the nature of the interaction between external and internal
representations?

g)      How do individuals construct internal representations? Is a social approach
important to the constructions of mathematical concepts? What are situations
that encourage students to invent their own symbol systems? What are those
examples of student-generated symbol systems? How can students link the
symbols they construct to those created by other students? How can students
link the symbol systems they construct to standard mathematical symbolic
systems? How can students develop symbolic fluency with the classical or
conventional symbol systems in mathematics? What are the circumstances
that allow students to listen effectively to another student’s arguments?

h)    How do we infer internal representations?

The above questions were relevant to propose a framework to approach:

- Theoretical aspects of the learning of mathematics which take into account
the role of the semiotic representations in the construction of mathematical
concepts.

- Theoretical aspects of the learning of mathematics related to generalization
and abstraction. What is the nature of mathematical abstraction and
generalization, particularly in classroom settings?

- Theoretical aspects related to semiotic representations dealing with a social
epistemology of mathematical knowledge with applications to didactical
situations in the classroom.

- An analysis of the mathematical ideas related to a concept through the
history of mathematics to detect epistemological obstacles.

System of mathematical representations, register of mathematical
representations. Their use and construction in mathematical activities.

In recent literature not only the role of a system of mathematical representation has
been studied, related to the construction of concepts, but the idea of register of
mathematical representation appeared as fundamental to understand students’
constructions of mathematical concepts (see Duval in this volume), and with their
use we explain some of the partial constructions of a mathematical concept or a
lack of it. How does social interaction play a role in the construction of mathematical
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concepts? How could individual reflection about a mathematical situation generate
a construction of a mathematical concept? In what ways do multiple representations
of mathematical ideas influence students in their thinking and construction of mental
images?

What type of curriculum implications emerge from our theoretical approaches?

By taking into account different systems of representations, we can identify
specific variables related to cognitive contents, and in this way, organize didactical
proposals to promote the students articulation of different representations.

What is the role and importance of a technology-based multiple linked
representation in the students’ construction of  mathematical concepts?

How can we develop new external systems of representations that foster more
effective learning and problem solving? Can technology help in this trend? How
does the nature of representational tools used in the classroom (technology included)
influence the ways in which students construct mathematical meaning? How do
different tools lead students to think differently about their mathematics?

We kept in mind all these questions during the development of the meetings.

At the first session of our working group there were five presentations followed
by corresponding discussions. Fernando Hitt gave a general introduction about the
learning of mathematics and the role of the representations and mathematics
visualization. Manuel Santos’ presentation focused on the use of technology in
mathematical problem solving, James Kaput addressed issues on multiple linked
representations and co-ordinated descriptions, Luis Radford challenged traditional
conceptions of representations and proposed something related to rethinking
representations. And finally, Norma Presmeg spoke on visualization and
generalization in mathematics.

For the PME-NA XXI conference in Mexico, we invited the international
community to focus on the importance and the role of representations in the learning
of mathematics. On that occasion, we invited some scholars to give short
presentations in our working group and to share with us their extensive work in
this area. Abraham Arcavi, presented a study he did with Nurit Hadas on “Computer
mediated learning: An example of an approach,” Raymond Duval focused on one
part of his plenary talk: “Representation, vision and visualization: Cognitive
functions in mathematical thinking. Basic issues for learning,” Adalira Saenz-
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Ludlow introduced us to the theoretical approach that relies on the work of Peirce:
“Interpretation, representation, and signification: A Peircian perspective,” and
finally, Pat Thompson spoke on “Some remarks on conventions and
representations”.

It was in Mexico, in PME-NA XXI conference, were we begun to think about
a special issue to publish the product that emerged from our Working Group. At
the same time we began to ask all the participants to contribute with short
presentations in the following meetings. From this call, we had some responses, in
PME-NA XXII, Tucson, Arizona (2000),  we had the opportunity to discuss special
issues presented by Manuel Santos on  the potential of the use of technology in
students' development of conceptual systems, Kay McClain on “Computer-based
tools for data analysis: Support for statistical understanding,” Norma Presmeg and
Patricia Balderas on “Graduate students’ visualization in two rate of change
problems,” Alfinio Flores on “Geometric representations in the transition from
arithmetic to algebra,” Anita H. Bowman on “Using concept representations for
the construction of frameworks for research, curriculum design, instruction, and
student reflection”, Ana-Isabel Sacristán on “Coordinating representations through
programming activities: An example using Logo”, and finally Fernando Hitt on
“Construction of mathematical concepts and cognitive frames.”

The members of our working group were very enthusiastic and we arrived at
PME-NA XXIII conference in Salt Lake City (2001) with different approaches to
enrich the discussion of the working group. This time we had the presentations of
Marilyn P. Carlson who focused on “Physical enactment: A powerful
representational tool for understanding the nature of covarying relationships”,  Jean-
Marie Laborde and Barbara J. Pence on “Representation with DGS,” Norma
Presmeg on “A triadic nested lens for viewing teachers’ representations of semiotic
chaining,” and finally Mourat A. Tchoshanov on “Representation and cognition:
Internalizing mathematical concepts.”

Something important in all this process was the electronic version we put in
the web to promote discussion. We mantained permanent communication with some
researchers from different countries that were interested in following our work. In
this process, we not only had the opportunity to share our work every year but also,
we could spread the discussion outside of the formal meeting programmed once a
year. As a consequence, we decided to invite the community to share its research
ideas related  to our work. As a result we expanded our vision and ways to investigate
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themes related to our working group agenda; in this trend, Sylvette Maury has
written about “A look at some studies on learning and processing graphic
information, based on Bertin’s theory”, Michael Otte has written about “Proof-
analysis and the development of geometrical thought”, also Despina A Stylianou
and Demetra Pitta-Pantazi have written about “Visualization and high achievement
in mathematics: A critical look at successful visualization strategies.”

Finally, we would like to thanks to all the members of the working group that
made the sessions more interesting with their reflections and discussion of their
ideas. Also, we would like to acknowledge the support received by the Steering
Committee of the North American Chapter of the International Group for the
Psychology of Mathematics Education and the Centro de Investigación y Estudios
Avanzados del IPN, México.

Fernando Hitt
2002
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and Mathematics Visualization
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ABSTRACT. Recent theoretical developments in mathematics learning have pointed
to the importance of the role of representations in the construction of mathematical
concepts. The first goal of the working group Representations and Mathematics
Visualization is to establish, through  open discussions, a broad background regarding
mathematical representation; and, the second goal, is to promote experimentation
and reflection on this matter to provide us with in-depth explanations about

mathematics learning and the role of representations in this process of learning.

PART I

Geometric Representations
in the Transition from Arithmetic to Algebra

Alfinio Flores
Arizona State University

alfinio@asu.edu

ABSTRACT. This chapter describes the use of geometrical representations of
interesting numerical relationships as one way to help students make the transition
between arithmetic and algebra and develop their algebraic thinking. First he
importance of visualizing and geometric representations for algebra is discussed,
as well as how geometrical representations of numeric relations can be a means to
explore algebraic ideas. Then 12 examples of interesting numerical relationships
that can be illustrated with two- and three-dimensional geometric representations
and that teachers can use in their classrooms in the middle grades are presented.



Visualization and High Achievement
in Mathematics: A Critical Look

at Successful Visualization Strategies

ABSTRACT. This study investigated characteristics of visual representation use that
underlie successful problem-solving across ages and levels of mathematical
knowledge. We re-examined critically some of our previously conducted studies
and our analysis brought to the surface some re-occurring patterns in low achievers'
and high achievers' visual representation use. Low-achieving students appear to
focus on descriptive images of real objects and actions and have difficulty viewing
these as mathematical objects on which they can act. High-achieving students, on
the other hand, appear to focus on finding connections between visual images and
symbols, and use these as triggers for further thought and experimentation. The
same patterns appear to hold in the work of experienced users of mathematics who
consciously attempted to isolate and mathematize given visual representations.

Graduate Students’ Visualizations in Two
Rate of Change Problems

ABSTRACT. The research reported in this paper is part of a larger study to investigate
the presence, role, extent, and constraints of visual thinking in the problem solving
processes of graduate students as they solve nonroutine problems. This report gives
details of the solving of two rate of change problems by three students. As evidenced
by three descriptors, namely, drawing, verbal report, and gesture, visual imagery
was used by each of the three students for both problems. Visual imagery was
reported even in instances where no diagram was drawn and the solution appeared
to be purely algebraic. The roles of visualization were investigated in four main
moments of the solution processes, which we have called preparation, solution,
conclusion, and hindsight. The types of imagery and their roles in these moments
cause us to differentiate between use of imagery to make sense and to solve, as two
distinct aims of visualization. Affect, base knowledge, spatial reasoning, and
metaphors that may enable or constrain, all played a role in the graduate students’
use of visualization.

Despina A. Stylianou
University of Massachusetts - Dartmouth

dstylianou@umassd.edu

Demetra Pitta-Pantazi
University of Cyprus

dpitta@ucy.ac.cy

Norma C. Presmeg
Illinois State University

npresmeg@math.ilstu.edu

Patricia E. Balderas-Cañas
UNAM

empatbal@servidor.unam.mx



Physical Enactment: A Powerful Representational
Tool for Understanding

the Nature of Covarying Relationships?
Marilyn P. Carlson

Arizona State University
marilyn.carlson@asu.edu

ABSTRACT. Representation of a system that involves two quantities that change in
tandem has been shown to be complex for students. As students are asked to
physically manipulate the system while attending to the changing nature of the
system, they appear to become more comfortable in using dynamic imagery to
transform the system. As they become more comfortable in engaging in mental
actions to transform the objects of the system, they are better able to make
generalizations about the subtle behaviors of the system. The ability to create a
mental image of the system and to mentally transform the objects of the system
appears to be foundational for the meaningful representation and interpretation of
the system in more abstract representational contexts, such as graph and formulae.

PART II

Implications of the Shift from Isolated, Expensive
Technology to Connected, Inexpensive,
Diverse and Ubiquitous Technologies

James Kaput
University of Massachusetts-Dartmouth

jkaput@umassd.edu

ABSTRACT. We examine the long term history of the development of fundamental
representational infrastructures such as writing and algebra, and how they were
physically implemented via such devices as the printing press and computers, in
order to (1) gain insight into what is occurring today both in terms of representational
infrastructure change and in physical embodiments, (2) obtain clues regarding what
to do next, and (3) determine the kinds of questions that research will need to
answer in the coming decade if we are to make optimal use of new diverse and
connected classroom technologies.



Students’ Use of Technological Tools
to Construct Conceptual Systems
in Mathematical Problem Solving

Manuel Santos-Trigo
Cinvestav-IPN, México.

msantos@mail.cinvestav.mx

ABSTRACT. To what extent the use of technology helps students develop powerful
ways to represent and explore mathematical tasks? What type of mathematical
features distinguish students’ technological approaches from traditional ones? In
this paper, we document what grade 10 students exhibited during a problem solving
course that enhanced the use of technology. The set of activities used during the
sessions illustrates that some of their representations attained via a technological
tool favor mathematical processes that involve looking for patterns, making
conjectures, providing arguments and communicating results.

Coordinating Representations Through
Programming Activities: an Example Using Logo

Ana Isabel Sacristán Rock
Cinvestav, México

asacrist@mail.cinvestav.mx

ABSTRACT. The research literature has pointed to difficulties encountered by students
in interpreting and establishing links between different types of representational
registers. Here I present results from a study where a Logo-based computational
microworld for the exploration of infinity and infinite processes, was meant to
facilitate the construction and articulation of diverse types of representations of
those infinite processes. I provide a couple of examples from case studies illustrating
some of the ways in which students used and coordinated the elements of the
exploratory medium to construct meanings for the infinite.



Computer-based Tools for Data Analysis:
Support for Teachers’ Understanding

Kay McClain
Vanderbilt University

kay.mcclain@vanderbilt.edu

ABSTRACT. This chapter presents an analysis of a teacher development experiment
(cf. Simon, 2000) focused on supporting a cohort of middle-school teachers’
understanding of statistical data analysis. The collaborative effort conducted with
the teachers built from a twelve-week classroom teaching experiment conducted
in the fall semester of 1998 with a group of seventh-grade students (age twelve).
Part of the research efforts associated with the classroom teaching experiment
included the development of an instructional sequence and two accompanying
computer-based tools for data analysis. The design of the instructional sequence
and the tools was focused on the big idea of distribution and the importance of
multiplicative reasoning. This chapter documents the role of the tools and
instructional tasks developed in the course of the seventh-grade teaching experiment
in supporting teachers’ understandings of these big ideas as they relate to statistical
data analysis.

Enhancing Students’ Cognitive Systems Via the Use of
Technology in Mathematical Problem Solving

Manuel Santos-Trigo
Cinvestav-IPN. México

msantos@mail.cinvestav.mx

ABSTRACT. It is well recognized that the presence of technological tools in our
society has changed what students need to learn in terms of curriculum goals. In
particular, dynamic representations (achieved via technology) of mathematical data
or phenomena offer students the possibility to identify and examine relationships
and their associated properties. In this process, students need to develop ways to
communicate and support what they observe during their interaction with those
phenomena or problems. The goal of this paper is to illustrate how the use of
technology can help students develop problem solving processes that are inherent
of the mathematical practice.



Computer Mediated Learning: An  Example
of an Approach

Abraham Arcavi and Nurit Hadas
Weizman Institute of Science, Rehovot, Israel

abraham.arcavi@weizmann.ac.il
nurit.hadas@wisemail.weizmann.ac.il

ABSTRACT. There are several possible approaches in which dynamic computerized
environments play a significant, and possibly unique, role in supporting innovative
learning trajectories in mathematics in general, and particularly in geometry. These
approaches are influenced by the way one views mathematics and mathematical
activity.

In this paper we briefly describe an approach based on a problem situation and our
experiences using it with students and teachers. This leads naturally to a discussion
of some of the ways in which parts of the mathematics curriculum, classroom
practice, and student learning may differ from the traditional approach.

PART III

Some Remarks on Conventions
and Representations

Patrick W. Thompson
Vanderbilt University, USA.

pat.thompson@vanderbilt.edu

ABSTRACT. There is an essential difference between radical constructivism and
socioculturism. It is that the former takes social interaction (specifically,
communication) as a phenomenon needing explanation, whereas the latter takes it
as a constitutive element of human activity. This difference expresses itself most
vividly in the types of explanations coming from radical constructivists and
socioculturists. The former tend to focus on human discourse as emanating from
interactions among self-organizing, autonomous individuals. The latter tend to focus
on the collective activity in which individuals participate. That is, from a radical
constructivist perspective, what we take as collective activity is constituted by
interactions among individuals each having schemes by which they generate their
activity and by which they make sense of other’s actions. From a sociocultural
perspective, collective activity and social interaction are given, predating any
individual’s participation in it. The individual accommodates to social meaning
and practice.



Representation and Cognition:
Internalizing Mathematical Concepts

Mourat A. Tchoshanov
Teacher Education, Mathematics Education
University of Texas at El Paso, El Paso, TX

mouratt@utep.edu

ABSTRACT. NCTM-2000 standards document highlights the importance of
developing students’ abilities to use multiple representations as problem solving
and reasoning tools. Students should be fluent in choosing and applying
representations to communicate mathematical ideas more effectively. Following
Krutetskii (1976) we consider representational flexibility, reversibility and
generalization as an indicator of students’ conceptual understanding and advanced
learning in mathematics. One can find a very deep theoretical analysis of a role of
sign/semiotic representations in child’s cognitive development in works of such
Russian psychologists as Vygotsky,  Leont’ev, Gal’perin, Salmina, etc. We will
consider key ideas of Vygotskian Semiotic Conception. We will also examine the
role of representations in constituting a cognitive change based on Vygotskian
idea of zones of cognitive development. In order to promote cognitive changes in
child’s development one should analyze differences between low and high level of
cognitive representation as well as evaluate a potential of cognitive representation
in formation of mathematical understanding. Finally, the method of cognitive
symmetry will be described as a mechanism of interrelationship between external
and internal representations.

The Object of Representations:
Between Wisdom and Certainty

Luis Radford
École des sciences de l’éducation, Université Laurentienne

lradford@nickel.laurentian.ca

ABSTRACT. What is that which representations represent? The goal of this article is
to discuss the answer to this question provided by two influential contemporary
epistemological theories –Piaget’s and Wartofsky’s. Our discussion is motivated
by a practical concern: new technologies of semiotic activity in the classroom (e.g.
artefacts, calculators, dynamic software) offer new forms of knowledge
representation and text production that are radically different from the time-
honoured formats of written traditions based on a sequential organization of



sentences. Nevertheless, the use of new forms of knowledge representation (both
discursive and artefactual) requires us to better understand how representations in
general relate to their conceptual contents. In scrutinizing Piaget’s and Wartofsky’s
epistemologies, it becomes apparent that the answer to the aforementioned question
depends not only on our conceptions about how the objects of knowledge become
known by the individuals but also on ontological stances that we take about the
nature of mathematical objects.

Construction of Mathematical Concepts
and Cognitive Frames

Fernando Hitt
Departamento de Matemática Educativa del Cinvestav-IPN, México

fernando.hitt@matedu.cinvestav.mx

ABSTRACT. The development of students’ abilities to carry out operations and
understanding in mathematics has been featured as separate entities in the past.
Today, they are studied from an overall perspective as to the construction of concepts.
The scheme concept and the internal and external representations of concepts are
not recent in the literature. Nevertheless, possibly due to the technological
development of graphs and figures representations, such concepts came again under
analysis. Current theoretical aspects such as representational semiotic systems and
their implications in the articulation of internal representations may profit from
previous research (Duval 1993, 1995). As far as the construction of concepts and
their implications in certain tasks are concerned, the notions of “conceptual
knowledge” and “procedural knowledge” (Hiebert & Lefevre, 1986) have gained
relevance when studying learning phenomena. Furthermore, we see the need of
constructing structures strongly associated with understanding –which are more
general than specific to the construction of a mathematical concept. According to
Perkins and Simmons (1988), and Perkins and Salomon (1989), these cognitive
structures they labeled as content, problem solving, epistemic and inquiry structure,
they are important to the learning of mathematics



A Triadic Nested Lens for Viewing Teachers’
Representations of Semiotic Chaining

Norma Presmeg
Illinois State University, USA.

npresmeg@math.ilstu.edu

ABSTRACT. Over a period of about seven years, starting in 1993, teachers enrolled
in a course on Ethnomathematics taught by the author were required to construct
mathematical ideas from their own personally meaningful cultural experiences.
For the purpose of deepening the mathematical ideas produced, after 1996 the
teachers were taught to use semiotic chains based on a dyadic model of signifiers
and signifieds. Explanations are given of the basic structure of these chains, based
on Lacan’s inversion of Saussure’s dyadic model. Examples from teachers’ projects
illustrate the usefulness of Lacan’s inversion in mathematical semiotic chaining of
signifiers, and also the limitations of this model, leading to an alternative Peircean
triadic model in which signs are nested, analogously to the nesting of Russian dolls.
From a representational point of view, the examples are then analyzed through the
lens of this triadic nested model involving object, representamen, and interpretant,
for each of the nested signs. Some of the representations involved may be
characterized as iconic, some as indexical, and some as symbolic. The need for
each successive link in the semiotic chains to be interpreted suggests that a Peircean
nested triadic model, which includes a new interpretant for each successive link, is
a model with fuller explanatory power than the dyadic one, and a potential tool for
teachers to use in linking mathematics of everyday practices of their students with
the concepts of the mathematics curriculum that they are required to teach.



Sign as a Process of Representation:
A Peircean Perspective

Adalira Sáenz-Ludlow
Mathematics Department, University of North Carolina at Charlotte

sae@email.uncc.edu

One selfsame thought may be carried upon the vehicle
of English, German, Greek, or Gaelic; in diagrams, or
in equations, or in graphs: all of these are but so many
skins of the [same] onion, its essential accidents. Yet
that thought should have some possible interpreter, it is
the very being of its being.

(Peirce, CP 4.7)

ABSTRACT. The paper focuses on symbols as special kinds of signs that when
interpreted engender continuous processes of representation. From the Peircean
standpoint, signs are dynamic triadic entities (object-representamen-interpretant),
which elements coexist in a synergistic relation. This relation among the elements
of a sign contributes to the emergence and expression of thought. The Peircean
perspective on signs connects the different definitions on representation used in
mathematics education (internal representations, external representations, and
representation systems) and it seamlessly reveals pedagogical implications.

A Look at Some Studies on Learning and Processing
Graphic Information, Based on Bertin’s Theory

Sylvette Maury
Faculté des Sciences Humaines and Sociales - Sorbonne

Université René Descartes - Paris 5
sylvette.maury@paris5.sorbonne.fr

ABSTRACT. In the first part of the paper, we present and compare several analytical
frameworks on the processing of graphic information. We focus on the theoretical
analysis of Bertin, relating to the work of other authors: mainly  Kosslyn, Duval
and Janvier.

In the other parts of the paper, we illustrate the interest of Bertin’s theory for
educational studies by considering studies conducted by our research team. Although
very diverse in their methodology, these studies all investigate graphic learning and
graphic information processing by children at different school levels.



Representation, Vision and Visualization:
Cognitive Functions in Mathematical Thinking.

Basic Issues for Learning1

Raymond Duval
Université du Littoral Côte-d’Opale, Boulogne,

et Centre IUFM Nord Pas-de Calais, Lille
duval@agat.univ-lillel.fr

ABSTRACT. There are many studies about visualization, representation and, also,
the need of an semiotic approach in mathematics education. However, they are
often deceitful and do not provide many helpful issues for the analysis of processes
and learning problems in mathematics education. In fact they use models for
visualization, representation or, even the use of signs which aren’t relevant, because
these basic cognitive processes work quite differently in mathematics than in all
the other fields of knowledge. The key matter for research in mathematics education
is to analyze these specific way of functioning. What require new distinctions and
more discriminating concepts not only about processes of visualization and
representation but also in semiotics. And most of them must lead to more relevant
experimental and didactical variables. In this paper we introduced some issues
concerning the framework for analyzing the cognitive functioning of mathematical
thinking and conditions of its learning.

Proof-Analysis and the Development
of Geometrical Thought

Michael Otte
IDM, Universität Bielefeld

michael.otte@uni-bielefeld.de

ABSTRACT. Mathematical demonstration cannot be a merely logical and thus
tautological process and cannot consist in causal compulsion or reaction, but must
rather be conceived of as a semiotic or representational process, because otherwise
a paradox of proof arises (how can by means of demonstrations or proofs new
knowledge be reached if these consist in merely reducing the new to the old and
already known). The essential features of the activity of proving  consist in seeing
an A as a B, or representing A as B: A = B. Thus the “equation” A = B is constituted
by resemblance or analogy. It is a representation or transformation, whose
significance is in general merely analogical and open to failure. There is no necessity



involved in this process, as Piaget believes, although Piagets description of its stages,
as intrafigural, interfigural and  transfigural or structural are useful as an overall
framework.This claims will be illustrated by means of an analysis and proof of the
theorem about the "Eulerline" of a triangle and its generalizations, finally
demonstrating that this theorem is a special case of Desargues theorem.
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